Non-minimally coupled curvaton by Liu, Lei-Hua & Prokopec, Tomislav
Non-minimally coupled curvaton
Lei-Hua Liu1∗ and Tomislav Prokopec2†
1 Department of Physics, College of Physics,
Mechanical and Electrical Engineering,
Jishou University, Jishou 416000, China and
2Institute for Theoretical Physics, Spinoza Institute and the
Center for Extreme Matter and Emergent Phenomena (EMMEΦ),
Utrecht University, Buys Ballot Building,
Princetonplein 5, 3584 CC Utrecht, the Netherlands
We investigate two-field inflationary models in which scalar cosmological pertuba-
tions are generated via a spectator field nonminimally coupled to gravity, with the
particular emphasis on curvaton scenarios. The principal advantage of these models
is in the possibility to tune the spectator spectral index via the nonminimal coupling.
Our models naturally yield red spectrum of the adiabatic perturbation demanded
by observations. We study how the nonminimal coupling affects the spectrum of the
curvature perturbation generated in the curvaton scenarios. In particular we find
that for small, negative nonminimal couplings the spectral index gets a contribution
that is negative and linear in the nonminimal coupling. Since in this way the curva-
ture spectrum becomes redder, some of curvaton scenarios can be saved, which would
otherwise be ruled out. In the power law inflation we find that a large nonminimal
coupling is excluded since it gives the principal slow roll parameter that is of the
order of unity. Finally, we point out that nonminimal coupling can affect the postin-
flationary growth of the spectator perturbation, and in this way the effectiveness of
the curvaton mechanism.
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2I. INTRODUCTION
In most of inflationary models the inflaton (which drives inflation) is the origin of the
curvature perturbation that sources the principal part of the CMB temperature fluctuations.
However, viable alternatives exist in which the curvature perturbation is predominantly
generated by another scalar field, whose energy density is subdominant during inflation.
These models are known as multifield inflationary models with spectator fields, an important
class of which was dubbed curvaton scenarios [1–3].
In curvaton scenarios, the standard relation for the curvaton spectral index, nχ = −2+
2m2χ/(3H
2), where  = −H˙/H2 is the principal slow roll parameter, mχ the curvaton mass
and H the Hubble parameter, yields via its post-inflationary decay a curvature perturbation
with a spectral index given by, ns = 1 + nχ. Here we consider a simple modified spectator
field model in which the spectator condensate χ¯ = 〈χˆ〉 couples nonminimally to gravity and
observe that the spectator spectral index nχ acquires an additional contribution from its
nonminimal coupling ξ of the form, δnχ ∼ ξ, where ξ is the nonminimal coupling. Since
that contribution is ∝ ξ, it can be used to tune the spectral index of the spectator field –
and thus also via the curvaton mechanism that of the curvature perturbation – which be of
the crucial importance for viability of the curvaton model. This simple observation is the
principal result of this work.
The nonminimal coupling is not only important during inflation [4], but it can also play an
important role for the post-inflationary curvaton decay, which we investigate as well. In most
of curvaton scenarios the curvaton decays predominantly perturbatively [5] significantly after
the end of inflation. Roughly speaking the decay occurs when the curvaton decay rate Γχ
becomes comparable to the expansion rate of the Universe H(t), i.e. when Γχ ∼ H. When
the assumption that the curvaton condensate dominates over its perturbations is relaxed,
the decay process can produce large local non-Gaussianities [6]. Current observations [7]
severely constrain these models however, as (local) non-Gaussianity fNL cannot be too large
(|fNL| < 10), thereby ruling out curvaton models that produce large non-Gaussianities.
There are situations where the inflaton does not decay perturbatively, but instead non-
perturbative decay channels, such as parametric resonant or tachyonic decay channels [8–14]
are more efficient. The possibility that the curvaton may decay non-perturbatively has also
been envisaged [15, 16]. Furthermore, it is known that one can produce a significant amount
3of gravitational waves during preheating [17]. If the curvaton lives longer, it can couple to
the Higgs field in which case the mass of the curvaton can vary significantly [18, 19]. In this
work we provide a preliminary analysis of post-inflatioanry dynamics of two fields after and
leave a more complete account of it for future work.
The paper is organized as follows. In section II we introduce our inflationary model
with two scalar fields, one being the inflaton and the other the spectator nonminimally
coupled to gravity. In section III we make use of the gauge-invariant two-field formalism
to calculate the spectra of the curvature perturbation and entropy perturbation by making
use of the general slow roll analysis. We pay a particular attention to the role of the
nonminimal coupling. In section IV and in the Appendix we study how nonminimal coupling
influences post-inflationary dynamics and the corresponding spectra of the curvature and
entropy perturbations. In section V we summarize our main results and discuss some possible
future lines of research.
We work in natural units in which c = 1 = ~, but retain the Newton constant G.
II. THE MODEL
In this section we consider an inflationary model consisting of two scalar fields, in which
one scalar (φ) is the inflaton and the other (χ) is the spectator field nonminimally coupled
to gravity. 1 The action in Jordan frame (denoted by subscript J) is,
SJ =
∫
d4x
√−gJ
(
1
2
F (χJ)RJ − 1
2
gµνJ (∂µφJ)(∂νφJ)−
1
2
gµνJ (∂µχJ)(∂νχJ)− VJ(φJ , χJ)
)
,
(1)
where in this work F (χJ) and potential V (φJ , χJ) are given by,
F (χJ) = M
2
P − ξχ2J , (2)
VJ(φJ , χJ) = VJ(φJ) + VJ(χJ) , VJ(χJ) =
1
2
m2χχ
2
J +
λχ
4!
χ4J , (3)
where MP = 1/
√
8piG ' 2.45× 1018 GeV is the reduced Planck mass, VJ(φJ) is the inflaton
potential, mχ is the spectator mass, ξ is its nonminimal coupling and, unless stated other-
1 Even though we are mainly interested here in a class of two field models of inflation, one of which is
the inflaton and the other the non-minimally coupled curvaton field, the formalism we develop applies
to the more general situations in which the second field is a spectator field. This more general approach
is dictated by the nonminimal coupling, as many of the standard formulas developed in the context of
curvaton scenarios do not apply in this more general setting.
4wise, we take the spectator self-coupling λχ = 0. Next, for simplicity we assume no direct
coupling between the inflaton and spectator. That significantly simplifies our analysis but
– unless the mutual coupling is quite strong – in no essential way affects the main results of
this work. Furthermore, in this work we work with a simple potential for the inflaton,
VJ(φJ) = V0 exp
(
−λ φJ
MP
)
, (4)
even though the precise form of the potential is not important for the purposes of this paper.
The exponential potential in (4) is particularly useful since the single field inflationary model
in its attractor mode leads to particularly simple slow roll parameters,  ≡ φ = λ2/2, and
all other slow roll parameters are exactly zero (in the attractor mode of the theory), i = 0
(i = 2, 3, · · · ). Of course, it is important to study other types of inflaton potentials and its
interactions with other matter fields, and we leave that for future work.
It turns out that a particularly useful frame is the one in which gravity is transformed
into Einstein frame, while the inflaton and curvaton are kept in Jordan frame,
gµν =
F (χJ)
M2P
gJµν , (5)
φ = φJ , (6)
χ = χJ , f(χ) =
F
M2P
= 1− ξ χ
2
M2P
. (7)
After the above transformations are exacted, the action (1) becomes
S[gαβ, χ, φ] =
∫
d4x
√−g
{
M2P
2
R− 1
2f(χ)
gµν(∂µφ)(∂νφ)
− 1
2f
[
1 +
3M2P
2
f ′2
f
]
gµν(∂µχ)(∂νχ)− V (φ, χ)
}
, (8)
where the transformed potential equals,
V (φ, χ) =
VJ(φ, χ)
f 2(χ)
≡ Vφ(φ)
f 2
+
Vχ(χ)
f 2
,
Vχ(χ)
f 2
=
M2Pm
2
χ
−2ξ
(
1
f
− 1
f 2
)
+
λχM
4
P
24ξ2
(
1− 1
f
)2
.
(9)
For small curvaton condensates the curvaton part of the potential in (9) can be expanded
as,
Vχ(χ)
f 2
' 1
2
m2χχ
2
[
1 + 2ξ
χ2
M2P
+O(χ4)
] (|ξχ2| M2P) . (10)
In order to facilitate the analysis, it is convenient to introduce the covariant multifield
formalim [20–22], in which (8) can be recast as,
5S[gαβ, χ, φ] =
∫
d4x
√−g
{
M2P
2
R− 1
2
GABgµν(∂µφA)(∂νφB)− V (φA)
}
, (11)
where GAB is the configuration (field) space metric in (8) which, in the field space coordinates
φA = (φ, f), reads
GAB = diag
(
1
f
,
M2P
−4ξ
6ξ + (1−6ξ)f
f 2(f−1)
)
. (12)
Note that the field space metric is diagonal. Since the corresponding configuration space
curvature tensor does not vanish,
RABCD = R
2
(GACGBD − GADGBC) , R = −2ξ
M2P
6ξ+2(1−6ξ)f−(1−6ξ)f 2
[6ξ+(1−6ξ)f ]2 , (13)
the kinetic terms in the action (11) cannot be brought into the canonical form. It is in
this sense that the Einstein frame for the fields does not exist. The dependence of R on ξ
and the field f is illustrated in figure 1, from which we see that, in the limit of large and
negative ξ, the configuration space curvature asymptotes to a negative constant −1/(3M2P),
and thus belongs to the class of models with a negative configuration space curvature. These
models have gained in popularity, and notable examples are the super-gravity inspired α-
attractors [23–25] and the Weyl symmetric models [26, 27].
In the following section we discuss how to calculate the curvature power spectrum under
the assumption that the inflaton contribution dominates. While the small field expan-
sion (10) often suffices for rough estimates, it is in general not enough to provide accurate
answers for the curvaton dynamics and the respective spectrum of its quantum fluctuations
during inflation. For this reason, in what follows we present the analysis by using the full
potential (9).
III. POWER SPECTRUM
We work in spatially flat cosmological space-times whose background metric is of the
form,
gµν(x) = diag
(−N2(t), a2(t), a2(t), a2(t)) , (14)
where a = a(t) denotes the scale factor and N = N(t) is the lapse function. The expansion
of the Universe is driven by field condensates, χ(t) = 〈χˆ〉 and φ(t) = 〈φˆ〉, and it is governed
6ξ=-0.001ξ=-0.01ξ=-0.1ξ=-1
2 3 4 5 f
-0.4
-0.2
0.2
0.4
MP
2R
FIG. 1: The configuration space scalar Ricci curvature (13) M2PR as a function of f = 1−ξχ2/M2P
for negative nonminimal couplings: ξ = −1 (bright yelow curve asymptoting ≈ −0.28), ξ = −0.1
(light blue curve asymptoting ≈ −0.12), ξ = −0.01 (solid red curve asymptoting ≈ −0.02) and
ξ = −0.001 (solid black curve asymptoting almost zero). When the coupling is very large and
negative, M2PR asymptotes −1/3, which is a hyperbolic space H2 of constant curvature.
by Friedmann equations,
H2(t) =
1
3M2P
ρ , ρ =
1
2
GABφ˙Aφ˙B + V (φA) (15)
H˙ = − 1
2M2P
(ρ+ P) , ρ+ P = GABφ˙Aφ˙B , (16)
where H = d ln(a)/(Ndt) is the Hubble rate and H˙ = dH/(Ndt) and φ˙A = dφA/(Ndt)
denotes the time reparametrization invariant time derivative and φA = (φ(t), f(t)) are the
background fields, which obey [21] 2
D2tφ
A + 3HDtφ
A + ∂AV (φB) = 0 (17)
2 One can easily show that Eq. (17) is not independent, as it can be derived from covariant conservation of
the background stress-energy tensor, ρ˙+ 3H(ρ+ P) = 0 and the Friedmann equation (15).
7where Dt = φ˙
B∇B is the covariant derivative on the field space. Since the background fields
are coordinates on the configuration space manifold, the covariant derivative Dt acts simply
on the background fields,
Dtφ
A = φ˙A , D2tφ
A = φ¨A + ΓABC φ˙
Bφ˙C , (18)
where ΓABC are the Christoffel symbols of the field space. We therefore see that the back-
ground fields obey a geodesic equation (17) in presence of a time dependent (Hubble) friction
γ = 3H and an external force FA = −∂AV . 3
In order to obtain the curvature power spectrum, one ought to solve the operator equation
of motion for the curvaton and inflaton, which can be obtained by varying the action (8).
When gravitational constraints are solved the linearized equations for field perturbations
QA(x) (in zero curvature gauge) are [21],[
D2t +3HDt−
∇2
a2
]
QˆA(x)+∇B∇AV (φI)QˆB−RAIJBφ˙I φ˙JQˆB (19)
− 1
M2Pa
3
Dt
(
a3
H
φ˙Aφ˙B
)
QˆB+O
(
QˆCQˆE
)
= 0 ,
where ∇2 ≡∑3i=1 ∂2i , RAIJB = GACRCIJB, the Riemann tensor RCIJB is given in (13) and
DtQˆ
A =
˙ˆ
QA + ΓABC φ˙
BQˆC (20)
D2t Qˆ
A =
¨ˆ
QA +
(
∂DΓ
A
BC + Γ
A
DEΓ
E
BC
)
φ˙Dφ˙BQˆC + ΓABC φ¨
BQˆC + 2ΓABC φ˙
B ˙ˆQC , (21)
such that
[
D2t + 3HDt
]
QˆA −RAABCDφ˙Bφ˙CQˆD = ¨ˆQA + 3H ˙ˆQA + 2ΓABC φ˙B ˙ˆQC
− ΓABC(∂BV )QˆC + (∂DΓABC)φ˙Bφ˙CQˆD , (22)
where we made use of Eq. (17) and of,
RABCD = ∂CΓABD + ΓACEΓEDB − ∂DΓABC − ΓADEΓECB . (23)
3 If one understands H˙ = dH/[N(t)dt], H(t) = d ln(a)/[N(t)dt] and Dtφ
A as φ˙A = dφA/[N(t)dt], the
background equations (15–16) and (17) become time reparametrization invariant, and thus can be easily
converted to any other definition of time, e.g. conformal time for which N(t) = a(τ) and dt = dτ .
8The nonvanishing Christoffel symbols are,
Γφφf = Γ
φ
fφ = −
1
2f
Γfφφ =
−2ξ
M2P
f−1
6ξ+(1−6ξ)f
Γfff =
1
2
[
1−6ξ
6ξ+(1−6ξ)f −
2
f
− 1
f−1
]
. (24)
The next natural step is canonical quantisation, according to which the fields φA and
their canonical momenta
piA(x) =
δS
δ∂0φA(x)
= a3GAB ∂0φ
B
N(t)
(25)
satisfy canonical commutation relations,
[φˆA(t, ~x), pˆiB(τ, ~x
′)] = i~δABδ3(~x−~x′) , (26)
while the fields (and their canonical momenta) mutually commute.
Since the procedure for studying the dynamics of quantized linear curvature perturbations
is standard [30], here we outline just its main steps. The quantum fields that exhibit kinetic
and potential mixing (which are both evident from (8–9) and (19)) can be decomposed into
spatial momentum modes as,
QˆA(x) =
∫
d3k
(2pi)3
∑
α=1,2
(
ei
~k·~xqAα(t, k)aˆα(~k) + e
−i~k·~x[qAα(t, k)]
∗aˆ†α(~k)
)
, (27)
where qAα(t, k) are matrix valued mode functions, aˆ
†
α(
~k ) and aˆα(~k ) (α = 1, 2) are the creation
and annihilation operators in the instantaneously diagonal basis denoted by the intex α,
which obey,
[aˆα(~k ), aˆ
†
α′(
~k′ )] = (2pi)3δαα′δ3(~k − ~k′) , [aˆα(~k ), aˆα′(~k′ )] = 0 , [aˆ†α(~k ), aˆ†α′(~k′ )] = 0 . (28)
The spectra of different field components can be then defined as,
PA(t, k) =
k3
2pi2
∑
α=1,2
|qAα (t, k)|2 , (29)
where the normalization of the modes qAα (t, k) can be determined from the Wronskian,∑
α
[
qAα(t, k)pi
α
B(t, k)
∗ − qAα(t, k)∗piαB(t, k)
]
= ıδAB , (30)
9where piαB(t, k) = a
3GAB(∂0φBα (t, k))/N(t) are the mode function and the corresponding
canonical momentum, respectively.
These quantities are, however, not directly observable. In order to reach observable
spectra, it is convenient to define the curvature and entropy directions in the field space as
follows,
‖φ˙A‖ ≡ σ˙ =
√
GABφ˙Aφ˙B , σˆA ≡ φ˙
A
σ˙
, (31)
such that the norm of the entropy vector is unity, ‖σˆA‖ = 1. In terms of these quantities
the background Friedmann equations (15–16) simplify to,
H2(t) =
1
3M2P
(
σ˙2
2
+ V (φA)
)
(32)
H˙ = − σ˙
2
2M2P
. (33)
and the background field equation (17) for the adiabatic mode σ becomes identical to that
of one field inflation,
σ¨ + 3Hσ˙ + ∂σV = 0 , (34)
where ∂σV = σˆ
A∂AV (φ
B). Note that, just as in the one field case, Eq. (34) can be derived
from Eqs. (32–33) by taking a time derivative of (32). Eqs. (33) suggest the following
definition of the principal geometric slow roll parameter,
 = − H˙
H2
=
σ˙2
2M2PH
2
. (35)
By projecting Eq. (19) onto σI , one can then show that the equation of motion for Qσ =
σˆAQ
A reads,
Q¨σ + 3HQ˙σ +
[
−∇
2
a2
+M2σσ − ω2 −
1
M2Pa
3
d
dt
(
a3σ˙2
H
)]
Qσ = 2
[
∂
∂t
− ∂σV
σ˙
+ H
]
(ωQs) ,
(36)
where
M2σσ = σˆAσˆB∇A∇BV (φC) (37)
is the mass term of the adiabatic perturbation and
ωA = DtσˆA = σˆ
AσˆB∂BV − ∂AV
σ˙
ω = ‖ωA‖ =
√
GABωAωB =
√
(∂AV )(∂AV )− (σˆB∂BV )2
σ˙
(38)
10
defines the turning rate, which is by definition orthogonal to σˆA, ωAσˆ
A = 0, and can be used
to define convenient orthonormal basis vectors for the perturbations. Indeed, we can define
a unit turning vector as,
ωˆA =
ωA
ω
=
σˆAσˆB∂BV − ∂AV√
(∂AV )(∂AV )− (σˆB∂BV )2
, ‖ωˆA‖ = 1 & σˆAωˆA = 0 , (39)
which can be used to project out the entropy perturbation,
Qs = ωˆBQ
B , (40)
Note that since ωˆAσˆ
A = 0 are orthogonal, the adiabatic and entropy (or isocurvature)
perturbations, {Qσ, Qs}, denote the two orthogonal perturbations (since we have only two
fields, this completes the procedure of diagonalization of the perturbations).
The effective mass in the evolution equation (36) for the adiabatic perturbations Qσ does
not depend on the configuration space curvature (which drops out due to a Bianchi identity),
but it acquires a negative contribution from the turning rate ω2. Note also that the source
on the right hand side of (36) is entirely due to the entropy perturbation Qs.
The entropy perturbation obeys, 4
Q¨s + 3HQ˙s +
[
−∇
2
a2
+M2ss + 3ω2 −
1
2
σ˙2R
]
Qs = −4M2P
ω
σ˙
∇2
a2
Ψ , (41)
where the mass term and the curvature contributions read,
M2ss = ωˆAωˆB∇A∇BV (φC) , Rsσσs = ωˆAωˆBRAIJBσˆI σˆJ =
R
2
(42)
and Ψ is the Bardeen’s spatial (gauge invariant) potential. Note that – unlike in the case
of the adiabatic perturbation – the turning rate contributes positively to the mass term of
the entropy mode (see, however, Eq. (51) below). Furthermore, while in the adiabatic mode
equation the configuraton space curvature does not contribute, it does contribute to the
mass of the entropy perturbations as, −σ˙2R/2 = −M2PH2R, which is positive (negative)
for a negatively (positively) curved configuration space manifold.
The equations for the perturbations (36) and (41) can be closed by making use of the
relation between the bardeen potential and the curvature and entropy perturbations,
∇2
a2
Ψ = H
[
R˙c + 2ωS
]
=
√
2H
2MP
[
Q˙σ − 1
2
2HQσ + 2ωQs
]
(43)
4 Since we are considering here only the two fields case, our equation for the entropy perturbation (41) is
simpler than the more general one presented in [21], which holds for general multifield case.
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where, in the last step, we used the following relations between the curvarture perturbation
Rc and the entropy perturbation S and the variables Qσ and Qs,
Rc = H
σ˙
Qσ =
1√
2MP
Qσ (44)
S = H
σ˙
Qs =
1√
2MP
Qs , (45)
and we have introduced the second geometric slow roll parameter,
2 =
˙
H
. (46)
Next, it is convenient to introduce the directional curvature and entropy covariant deriva-
tives as,
Dσ ≡ σˆA∇A , Ds ≡ ωˆA∇A (47)
Of course, if Dσ and Ds act on a scalar quantity φ once, they act as ordinary derivatives, and
we shall denote them to indicate that, i.e. Dσφ = σˆ
A∂Aφ ≡ ∂σφ and Dsφ = ωˆA∂Aφ ≡ ∂sφ.
Armed with these, one can show that M2σσ in (37) can be rewritten as,
M2σσ = σˆA∇AσˆB∇BV (φC)−
1
σ˙
(Dtσˆ
B)∇BV (φC) = D2sV −
ω
σ˙
∂sV = D
2
sV + ω
2 , (48)
where we made use of (38–39) and of
∂sV = −ωσ˙ . (49)
This equality follows from (38) and can be used to determine the sign of ω.
Upon making use of (42–43) and (48) in (36) and (41) we obtain the following equations,
Q¨σ+3HQ˙σ+
[
−∇
2
a2
− 1
2
2
(
3−+ 1
2
2+3
)
H2
]
Qσ = 2
[
Dt+
(
3+
2
2
)
H
]
(ωQs) , (50)
Q¨s + 3HQ˙s +
[
−∇
2
a2
+M2ss − ω2 − H2M2PR
]
Qs = −2ω
[
Q˙σ − 1
2
2HQσ
]
, (51)
where we made use of,
∂σV = −3Hσ˙ − σ¨ = −
√
2
(
3− + 2
2
)
MPH
2 , σ˙ =
√
2MPH (52)
and its directional derivative, Dσ = (1/σ˙)Dt,
5
D2σV = ∂
2
σV =
(
6− 3
2
2 +
5
2
2 − 22 − 1
4
22 −
1
2
23
)
H2 , 3 ≡ ˙2
2H
.
5 Since ∂σV is a scalar quantity, we then have Dσ(∂σV ) = ∂
2
σV .
12
and we have converted, when possible, to slow roll parameters. Notice that the form of
the equation for the curvature perturbation (50) is such that the only difference between
the corresponding one field equation and (50) is that, in the multi-field case, the curvature
perturbation is sourced by the entropy perturbation, whose precise form is shown on the
right hand side of (50).
In view of (44–45), equations (50–51) can be easily converted into equations for Rc and
S,
R¨c+(3 + 2)HR˙c− ∇
2
a2
Rc = 2
[
Dt+
(
3+2
)
H
]
(ωS) (53)
S¨+(3+2)HS˙+
[
−∇
2
a2
+M2ss−ω2+
(
∆−M2PR
)
H2
]
S = −2ωR˙c , (54)
where
∆ =
2
2
(
3− + 1
2
2 + 3
)
. (55)
As one could have expected, the mass term (∝ Rc) has completely disappeared from the
equation for the curvature perturbation Rc, which must be so also in the multifield case.
What is also interesting is that the same operator as it acts on R˙c, acts in the source on
ωS. Upon rewriting (53) as,
[Dt + (3 + 2)H]
(
R˙c − 2ωS
)
=
∇2
a2
Rc , (56)
we see that, on super-Hubble scales, on which ‖∇2‖  (aH)2, the following quantity is
conserved,
exp
(∫ n (
3 + 2(n
′)
)
dn′
)[
R˙c(n, ~x)− 2ω(n)S(n, ~x)
]
= const. , (57)
where we introduced the number of e-foldings, n = ln(a) (∂t = H∂n). This means that the
(rate of change of the) curvature perturbation on super-Hubble scales is given by,
R˙c(n, ~x) =
[
R˙c(n∗, ~x)− 2ω(n∗)S(n∗, ~x)
]
e−
∫ n
n∗
(
3+2(n′)
)
dn′ + 2ω(n)S(n, ~x) , (58)
where n = n∗ is chosen such that the gradient term on the right hand side of Eq. (56)
can be neglected, which is the case when ‖∇2‖/(aH)2 evaluated at n = n∗ is sufficiently
small when compared with unity. Hence, in order to calculate the spectrum of the curvature
perturbation, we need to know how the entropy perturbation evolves in time. Since Eq. (54)
cannot be solved in general, we shall solve it in slow roll approximation, which is what we
do next.
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A. Slow roll analysis
Equations (53–54) are easy enough such that they can be analyzed in slow roll approxi-
mation. We shall perform our analysis in two steps. In step 1 we determine the spectra at
a scale close to the Hubble scale. This analysis can be done at the leading (zeroth) order
in slow roll parameters, but the gradient operators must be kept. In step 2 we shall study
the evolution of the curvature perturbation on super-Hubble scales induced by the entropy
perturbation, again to the leading order in slow roll approximation.
Step 1. Observe firstly that at the zeroth order in slow roll, Eqs. (53–54) simplify to,
R¨c+3HR˙c− ∇
2
a2
Rc ≈ 0 (59)
S¨+3HS˙− ∇
2
a2
S ≈ 0 , (60)
where we made use of the fact that the coupling between the perturbations is suppressed by
the turning rate, ω = ηωH, which we assume to be suppressed in slow roll approximation,
i.e. ηω  1.
Since the perturbations decouple, it is easy to solve Eqs. (61–62). When written in terms
of (conformal) time, dτ = (N/a)dt, Eqs. (61–62) become,
R′′c+2HR′c−∇2Rc ≈ 0 (61)
S ′′+2HS ′−∇2S ≈ 0 , (62)
where R′c = ∂τRc and H = aH = (d/dτ) ln[a(τ)] is the conformal expansion rate, which
in this approximation is simply, H ≈ −1/τ (τ < 0). In order to obtain the spectra on the
sub-Hubble scales, one ought to solve the quantum version of (61–62), i.e. one ought to
promote Rc and S to operators, Rc → Rˆc, S → Sˆ, which satisfy the following canonical
commutation relations (~ = 1),[
Rˆc(t, ~x), ΠˆRc(t, ~x ′
]
= iδ3(~x− ~x ′) ,
[
Sˆ(t, ~x), ΠˆS(t, ~x ′
]
= iδ3(~x− ~x ′) (63)
and all other commutators vanish. Here we have introduced canonical momenta,
ΠˆRc = 2M
2
Pa
2Rˆ′c , ΠˆS = 2M2Pa2Sˆ ′ . (64)
Upon transforming into the spatial momentum space (cf. Eq. (27)), from (62) we obtained
the mode equations Rc(τ, k) and S(τ, k) (k = ‖~k‖),
R′′c−
2
τ
R′c+ k2Rc ≈ 0 , S ′′−
2
τ
S ′+ k2S ≈ 0 , (65)
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which can be solved in terms of the Hankel functions with the index, ν = 3/2. The normaliza-
tion can be determined (up to Bogolyubov transformations) from the Wronskian conditions
(cf. Eq. (30)),
Rc(τ, k)Π∗Rc(τ, k)−R∗c(τ, k)ΠRc(τ, k) = i , S(τ, k)Π∗S(τ, k)− S∗(τ, k)ΠS(τ, k) = i . (66)
Notice that here the mode functions are ordinary functions, which is to be contrasted with
the general case (27), in which they are matrix valued. Here we make the simplest – positive
frequency – choice of the vacuum (also known as the Bunch-Davies or Chernikov-Tagirov
vacuum), and we obtain,
Rc(τ, k) ≈ H
2
√
k3MP
(1 + ikτ) e−ikτ , S(τ, k) ≈ H
2
√
k3MP
(1 + ikτ) e−ikτ . (67)
These short-wavelength solutions can be inserted into the standard formulas for the spectra,
PR(τ, k) = k
3
2pi2
|Rc(τ, k)|2 = PR∗
(
k
k∗
)nR−1
(68)
PS(τ, k) = k
3
2pi2
|S(τ, k)|2 = PS∗
(
k
k∗
)nS
(69)
which are valid up to mildly super-Hubble scales τ = τ∗ (on which k/a∗  H∗ with a∗ ≡ a(τ∗)
and H∗ ≡ H(τ∗)). Upon inserting (67) into (68–69) we obtain,
PR∗ ≈ H
2
∗
8pi2∗M2P
, PS∗ ≈ H
2
∗
8pi2∗M2P
, (70)
where we neglected the conformal parts, which come as a multiplicative factor 1+k2/(a∗H∗)2
in (70), which is justified on super-Hubble scales. The spectral indices in (68–69) are then
obtained in the standard manner, by taking a derivative with respect to ln(k) and setting
it to the Hubble crossing scale, k = aH. The result is, to leading order in slow roll,
[nR − 1]1 = −2− 2 , [nS ]1 = −2− 2 (71)
where all quantities are evaluated at the fiducial scale k∗ = a∗H∗. This completes our
analysis of short scales.
Step 2. As we have shown in Eq. (58) above, in the two field case the curvature pertur-
bation is not constant on super-Hubble scales, but it is sourced by the entropy perturbation,
which in turn can modify its spectrum. In order to make progress, in what follows we shall
solve the evolution equations (53–54) on super-Hubble scales, but now keeping the linear
slow roll corrections.
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Indeed, when the entropy field mass M2ss 6 and the turning rate ω are small, i.e. when,
M2ss ≡ η2ssH2 , ω ≡ ηωH , with |η2ss|, ηω  1 (72)
both satisfied, then the source on the right hand side of (54) can be approximated by,
−2ωR˙c ' −4ω2S, such that, on super-Hubble scales, Eq. (54) simplifies to,
S¨+(3+2)HS˙+
(
η2ss+3η
2
ω+∆−M2PR
)
H2S ≈ 0 . (73)
Since the last term on the left hand side is suppressed by , and M2PR is typically of the order
unity or smaller, all terms contributing to the effective mass of the entropy perturbation are
suppressed (at least linearly) by slow roll parameters. Notice next that the form (73) of
the equation for the entropy perturbation follows immediately from Eq. (41), in which the
source on the right hand side is suppressed by the Laplacian of the Bardeen potential,
and hence can be neglected on super-Hubble scales. Equation (73) tells us that on super-
Hubble scales S approximately decouples from Rc, implying that one can first solve (73) for
the entropy perturbation, and then insert the solution into the equation for the curvature
perturbation (58) to get the desired spectrum.
To the leading order in slow roll parameters and on super-Hubble scales Eq. (54) simplifies
to,
∂nS = − 1
3−+2
[(
η2ss+∆+3η
2
ω−M2PR
)S+∂2nS]
≈ −1
3
(
η2ss+3η
2
ω+
3
2
2−M2PR
)
S , (74)
where ∂n is a derivative with respect to the number of e-foldings n (defined by dn = HN(t)dt)
and we kept only the leading (linear) order terms in slow roll (S ′′ is of higher (second) order
in slow roll). Eq. (74) can be easily solved,
S(n, ~x) ≈ S(n∗, ~x) exp
[
−1
3
∫ n
n∗
dn˜
(
η2ss+3η
2
ω+
3
2
2−M2PR
)]
, (75)
6 The opposite limit, whenM2ss  H2 is rather easy, since in this case one can use adiabatic approximation
to solve for the mode functions of the entropy perturbation. Since in this case the effect of the entropy
perturbation on the curvature perturbation is expected to be small on super-Hubble scales, this case is
trivial and we do not consider it any further.
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which tells us how S(n) evolves on very large scales, where n > n∗. This evolution results
in an additional contribution to the spectral index nS (cf. Eq. (71)) 7 of the form,
[nS ]2 =
2
3
η2ss+2η
2
ω+2−
2
3
M2PR , (76)
where all parameters in (76) are evaluated at n = n∗. In fact, evaluating these quantities at
a different time is permitted, since that would lead to a result that differs at higher order
in slow roll, and thus is immaterial for the present analysis.
We are now ready to consider the adiabatic perturbation. Integrating Eq. (58) and
neglecting the first term (which amounts to neglecting the decaying mode), we obtain,
Rc(n, ~x) ≈ Rc(n∗, ~x) + 2
∫ n
n∗
ηω(n
′)S(n′, ~x)dn′
≈ Rc(n∗, ~x)
[
1 + 2
∫ n
n∗
ηω(n
′)TS(n′, ~x;n∗)dn′
]
(77)
where, to get the last result, we made use of Rc(n∗, ~x) ≈ S(n∗, ~x) and we have introduced
the transfer function for the entropy perturbation (see (75)) ,
TS(n, ~x;n∗) ≡ S(n, ~x)S(n∗, ~x) = exp
[
−1
3
∫ n
n∗
dn˜
(
η2ss+3η
2
ω+
3
2
2−M2PR
)]
. (78)
Now upon taking derivative of the logarithm of (77) with respect to ln(aH) ≈ n, multi-
plying by 2 and making use of (78), we get the following contribution to the spectral index
of the adiabatic perturbation due to its coupling to the entropy perturbation,
[nR(n)− 1]2 = 4ηω(n)
e−
1
3
∫ n
n∗
(
η2ss+3η
2
ω+
3
2
2−M2PR
)
dn˜
1 + 2
∫ n
n∗ ηω(n
′)TS(n′, ~x;n∗)dn′
. (79)
Several remarks are now in order. The entropy perturbation can through Eq. (78) con-
tribute to the curvature perturbation. Unless the transfer function TS is quite sizable, the
contribution in the denominator of (79) can be neglected as it is suppressed by the slow roll
parameter |ηω|  1. Notice also that, even though the exponent of the transfer function
TS in (78) is suppressed by slow roll parameters, it is not necessarily small because of the
integral, which produces an enhancement by a factor ∼ n − n∗. For sufficiently late times
7 One can show that the spectral index of the entropy perturbation nS is twice the derivative with respect
to the Hubble crossing time, ln(aH) = n + ln(H) of the exponent of the solution given in (75) which is,
to leading order in slow roll, equal to the derivative with respect to n.
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n − n∗  1, such that it can compensate the smallness of the slow roll parameters. For
that reason it is important to keep that term in Eq. (79) even though naˆıvely one would be
tempted to conclude that it contributes at a higher order in slow roll parameters. Further-
more, the sign of the exponent in (78) is important. Namely, if the sign of the integrand
η2ss+3η
2
ω+
3
2
2−M2PR is positive (negative), the transfer function TS(n, ~x;n∗) decreases (in-
creases) in time, which in turn implies that the contribution of the entropy perturbation
to the spectral index decreases (grows) in time, rendering the curvature spectrum bluer
(redder).
To conclude, the principal results of this section are formulas (70) and (68) for the
spectrum of of the adiabatic and entropy perturbation, with the spectral indices given in
Eqs. (71), (76) and (79) which, when summed, yield,
nR = 1− 2− 2 + 4ηω(n) e
− 1
3
∫ n
n∗
(
η2ss+3η
2
ω+
3
2
2−M2PR
)
dn˜
1 + 2
∫ n
n∗ ηω(n
′)TS(n′, ~x;n∗)dn′
(80)
nS = −2+ 2
3
η2ss+2η
2
ω−
2
3
M2PR . (81)
Unless either the turning rate or the transfer function TS is rather large, the contribution
of the ratio in (80) can be approximated by unity. In this case the adiabatic spectral index
simplifies to,
nR ≈ 1− 2− 2 + 4ηω , (82)
such that the principal contribution of the entropy perturbation to the spectral index of the
curvature perturbation, δSnR ≈ 4ηω = 4ω/H, comes from the turning rate ω (expressed
in units of H). When ω < 0 (ω > 0) the coupling to the entropy perturbation reduces
(enhances) the spectral index in (82), such that the corresponding spectrum becomes red-
der (bluer). While the curvature spectrum gets a correction from the entropy perturbation
through the transfer function TS in (77), this correction is typically small and can be ne-
glected, unless either the turning rate ω or the transfer function TS is quite large. More
precisely, when ωTS  H and ω and TS change adiabatically slowly in time, then the
spectrum of the curvature perturbation (80) can be approximated by,
nR ' 1− 2− 2 + 2
n− n∗ , (83)
which in the limit n − n∗  1 approaches that of the single field inflation. What is also
interesting in Eqs. (82) and (81) is that, while the configuration space curvature contributes
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to the spectral index of the entropy perturbation, it does not contribute to the spectral index
of the curvature perturbation.
B. Explicit form for slow roll parameters
In this subsection we give explicit forms for the slow roll parameters. The Hubble pa-
rameter and the principal slow roll parameter are given by (to leading order in derivatives),
H2 ≈ V (φ
A)
3M2P
,  =
σ˙2
2M2PH
2
≈ M
2
P
2
(∂AV )(∂AV )
V 2
. (84)
The higher order slow roll parameters are,
2 = ∂n ln() = (∂nφ
A)∂A ln() = −M2P
(
∂A ln(V )
)
∂A
[(
∂B ln(V )
)
(∂B ln(V ))
]
(∂C ln(V )) (∂C ln(V ))
(85)
3 = ∂n ln(2) = M
2
P
(
∂A ln(V )
) [∂A {(∂B ln(V )) ∂B [(∂C ln(V )) (∂C ln(V ))]}
(∂I ln(V )) ∂I [(∂J ln(V )) (∂J ln(V ))]
(86)
−∂A
[(
∂B ln(V )
)
(∂B ln(V ))
]
(∂C ln(V )) (∂C ln(V ))
]
,
where the last term in (86) equals to 2.
Based on the above expressions in figure (2) we plot the spectral index of the curvature
perturbation (red surface) which, in the limit of a small transfer function TS (i.e. a small
turning rate ω/H), can be well approximated by (82). The lower and upper Planck col-
laboration limits on the scalar spectral index, nR = 0.9649± 0.0042, are also shown (green
and blue horizontal planes, respectively). The spectral index nR is shown as a function of f
(horizontal axis) and φ/MP (the axis pointing into the paper) and the noniminimal coupling.
We see that the values which are consistent with the observations typically corresponds to
f in the range from 1 to 2 and rather small, negative nonminimal couplings. The value of φ
is not very relevant, since for the exponential inflaton potential we consider in this work (4),
a shift in φ can be always compensated by a multiplicative change in V0.
Next we need is the unit vectors σˆA and ωˆA and the turning rate ω (38). From (31) we
know that σˆA = φ˙A/σ˙, which in slow roll approximation becomes,
σˆA ≈ − ∂
AV
‖∇V ‖ , ‖∇V ‖ =
√
(∂AV )(∂AV ) . (87)
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FIG. 2: The spectral index nR from Eq. (82) is shown as a function of the curvaton field f
(horizontal axis) and the inflaton condensate φ/MP for negative nonminimal couplings: ξ = −0.001
(left panel) and ξ = −0.01 (right panel). The values of the parameters are: mχ = 10−7MP,
λ = 10−1, λχ = 10−12 and V0 = 10−9M4P.
To get the turning rate ωA, one inserts the slow roll result (87) into the definition (38) to
obtain,
ω2 = ‖ωA‖2 ≈ M
2
P
3V
{(
∂A‖∇V ‖) (∂A‖∇V ‖)− [(∂AV ) (∂A‖∇V ‖)]2‖∇V ‖2
}
, (88)
where we made use of ωA = σ˙σˆB∇BσˆA and σˆA = −(∂AV )/‖∇V ‖. Eq. (88) then immediately
implies,
η2ω =
ω2
H2
≈ 3M
2
P
V
ω2 . (89)
In figure 3 we illustrate how η2ω = ω
2/H2 defined in (89) and (88) depends on the curvaton
field condensate f = 1− ξχ2/M2P and on the nonminimal coupling ξ < 0. The generic trend
is that the turning rate peaks at a rather small field value, f ' 1 (−ξχ2  M2P), and then
decays as f increases. Furthermore, the peak value of η2ω increases as −ξ increases, which
means that the coupling between the curvature and entropy perturbations becomes stronger,
as can be seen from e.g. Eq. (53).
The unit turning vector is formally,
ωˆA =
σ˙
ω
∂BV
‖∇V ‖∇B
∂AV
‖∇V ‖ , (90)
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FIG. 3: The dimensionless turning rate η2ω = ω
2/H2 calculated in slow roll approximation (88) as
a function of the curvaton field f and for negative nonminimal couplings: ξ = −0.01 (blue dashed
curve on the left panel), ξ = −0.001 (black solid curve on the left panel), ξ = −0.1 (solid black
curve on the right panel), ξ = −1 (blue dashed curve on the right panel). The scale at the vertical
axes is logarithmic, while at the horizontal axes it is linear.
where σ˙ ≈ MP‖∇V ‖/
√
3V . While this expression is formally correct and can be used to
construct ωˆA, there is an easier way to proceed, namely to use ‖ωˆA‖ = 1 and σˆAωˆA = 0,
which uniquely fix it to,
ωˆA ≈
 ∂2V‖∇V ‖√det[GAB ]
− ∂1V‖∇V ‖√det[GAB ]
 . (91)
Even though this expression looks noncovariant, it is in fact covariant, as its covariant
form is given by (90). It is nevertheless simple, and thereby convenient to use in practical
calculations.
Next, we need a slow roll expression for M2ss defined in (42), or equivalently the cor-
responding slow roll parameter η2ss = M2ss/H2. Making use of (90) and (88), after some
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algebra, one gets,
M2ss =
[
‖∇V ‖2 (∂A‖∇V ‖) (∂A‖∇V ‖)− [(∂AV ) (∂A‖∇V ‖)]2]−1
×
{
‖∇V ‖2 (∂A‖∇V ‖) (∂B‖∇V ‖)∇A∇BV (92)
− 2‖∇V ‖ (∂AV ) (∂A‖∇V ‖) (∂B‖∇V ‖) (∂B‖∇V ‖) + [(∂AV ) (∂A‖∇V ‖)]3‖∇V ‖
}
,
where the denominator comes from multiplying by σ˙2/ω2.
Next, from equation (81) we also need contribution from the configuration space curva-
ture,
−M2PR ≈ (−ξ)M2P
‖∇V ‖2
V 2
−6ξ−2(1−6ξ)f+(1−6ξ)f 2
[6ξ+(1−6ξ)f ]2 , (93)
where we made use of (84) and (13). When ξ < 0 (for which f > 1), the curvature term (93)
contributes positively to the spectral index of the entropy perturbation.
Figure 4 shows four panels illustrating the spectral index nS of the entropy perturbation
defined in Eq. (81) as a function of the curvaton and inflaton condensates. The four panels
illustrate the dependence of the spectral index nS on the nonminimal coupling ξ < 0.
The general trend is that the spectral index nS becomes more negative as ξ becomes more
negative, indicating that the spectrum of the entropy perturbation grows faster on very large
scales, which means that the entropy perturbation dominates over the curvatre spectrum of
the single field adiabatic model. When combined with the observation that also the turning
rate (88) grows with increasing −ξ (see figure 3), this suggests that, as ξ becomes more
and more negative, the energy between the entropy and the curvature perturbations gets
more efficiently transferred. However, there are limitations on how large |ξ| can be since –
as we argue below – |ξ| cannot be much larger than unity. A detailed study of the precise
consequences of these crude observations we leave for future work.
Finally, in order to evaluate the transfer function TS (78) (see also (79)), we need to
integrate slow roll suppressed terms over the number of e-foldings n. The number of e-
foldings can be expressed in slow roll as,
n(φA) =
∫ t
Hdt ≈ 1
M2P
∫ σ V
‖∇V ‖dσ
′ ≈ 1
MP
∫ σ dσ′√
2
, (94)
where dσ = σ˙dt = (∇Aσ)dφA is used as the clock during inflation. Inflation ends at a point
when,
(φAe ) ≡ e = 1 . (95)
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FIG. 4: The spectral index of the entropy perturbation nS defined in Eq. (81) as a function of the
fields f and φ/MP. Each of the panels represents one nonminimal coupling. On the top left panel
ξ = −0.001, on the top right panel ξ = −0.01, on the bottom left panel ξ = −0.1, and finally on
the bottom right panel ξ = −1. The general trend is that nS becomes more and more negative
as |ξ| increases, i.e. the spectrum becomes more red and thus its fluctuations grow on very large
scales. The values of the parameters are: mχ = 10
−7MP, λ = 10−1, λχ = 10−12 and V0 = 10−9M4P.
However, these formulas are not useful as long as we do not have an explicit expression on
how the fields depend on the number of e-foldings, φA = φA(n). In what follows we use the
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slow roll relation, dφA ≈ −(∂AV )/(3H2)dn, to obtain,
dn2 =
V 2
‖∇V ‖2M4P
GABdφAdφB = 1
2M2P
GABdφAdφB . (96)
This expression can be, at least in principle, used to obtain the functional dependence of
how n depends on the fields φA. For completeness, we shall also derive a relationship that
allows to express s = s(φA). Starting with ωˆA = σ˙
ω
∂CV
‖∇V ‖∇C ∂
AV
‖∇V ‖ and ds = ωˆAdφ
A, one can
quite straightforwardly derive the desired expression,
ds2 =
(
∂A‖∇V ‖ − (∂AV )(∂CV )(∂C‖∇V ‖)‖∇V ‖2
)(
∂B‖∇V ‖− (∂BV )(∂DV )(∂D‖∇V ‖)‖∇V ‖2
)
(∂A‖∇V ‖) (∂A‖∇V ‖)− [(∂AV )(∂A‖∇V ‖)]
2
‖∇V ‖2
× dφ
AdφB
M2P
, (97)
which is rather complicated. Together with (96), this equation allows for construction of the
curvilinear coordinates (n, s) from the original field coordinates (φA). The advantage of using
(n, s) (or equivalently (σ, s)) is that these coordinates have a direct physical interpretation:
the number of e-foldings n can be used to measure time in inflation and (from (ne) = 1) to
signal the end of inflation, while s can be used to measures the distance between neighboring
inflaton trajectories. Finally, in the context of ∆N formalism, n = n(φA) can be used to
study the spectrum of cosmological perturbations.
The expression (96) defines the metric along which the fields move with the number of
e-foldings chosen as proper time, i.e. it defines φA = φA(n) in slow roll approximation. In
general, it is hard to integrate (96), as  mixes φ and f ,
 ≈ λ
2V 2φ
2V 2f 3
+ (−8ξ) f−1
6ξ+(1−6ξ)f
(
1− m
2
χM
2
P
−4ξ
1
V f
− λχM
4
P
24ξ2
f−1
V f
)2
, (98)
where V (φ, χ) = [Vφ + Vχ]/f
2 is the potential in Einstein frame (9) and we made use of
‖∇V ‖2 = λ
2V 2φ
M2Pf
3
+
−16ξ
M2P
f−1
6ξ+(1−6ξ)f
(
V − m
2
χM
2
P
−4ξ
1
f
− λχM
4
P
24ξ2
(f−1)
f
)2
. (99)
To make progress, it is useful to expand (98) for small and for large ξ. First recall that we
are interested in the curvaton model, in which Vφ  Vχ, such that upon making use of,
V ≈ Vφ
f 2
[
1 +
Vχ
Vφ
]
, (100)
we get the following simplified expression for  (98),
 ≈ λ
2
2
f
[
1− 2Vχ
Vφ
]
+ (−8ξ) f−1
6ξ+(1−6ξ)f . (101)
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This expression can be further simplified by taking the |ξ|  1 limit and assuming f = O(1),
 ≈ λ
2
2
f − 8ξ f−1
f
. (102)
When in addition, 16|ξ|  λ2 is satisfied,  further simplifies to  ≈ (λ2/2)f . When combined
with the constraint on the tensor-to-scalar ratio, and assuming that the one-field inflation
relationship holds, r ' 16 < 0.06, this gives an upper limit on the coupling, λ < 0.1 (valid
if ξ < 0). Inserting (102) into (96) gives,
dn2 =
1
λ2M2P
(
dφ2
f 2 − 16ξ
λ2
(f − 1) +
M2P
−4ξ
df 2(
f 2 − 16ξ
λ2
(f − 1)) (f − 1)
)
, (103)
where we used the expanded configuration space metric (12),
GAB ≈ diag
(
1
f
,
M2P
−4ξ
1
f(f − 1) +O(ξ
0)
)
. (104)
One can think of the problem of finding n = n(φA) as being equivalent to a curved space-time
with a configuration space metric,
HAB = diag
(
1
λ2M2P
1
f 2 − 16ξ
λ2
(f − 1) ,
1
λ2(−4ξ)
1[
f 2 − 16ξ
λ2
(f − 1)] (f − 1)
)
. (105)
We shall refer to HAB as a slow roll metric. Since (105) does not depend on φ, ∂φ is a Killing
vector, implying a conserved configuration space momentum in the φ direction, 8
Pφ = (∂φ)A
dφA
dn
=
1
λ2M2P
1
f 2 − 16ξ
λ2
(f − 1)
dφ
dn
, (106)
where the sign of Pφ is chosen such that Pφ > 0 when dφ
A/dn is positive. This is a convenient
choice when early in inflation both of the field condensates are positive. For definiteness, here
we assume that to be the case. Since the potential and the nonminimal coupling function
f(χ) are symmetric under the exchange of the field sign, the results for the other three cases
can be easily obtained from the case studied here. This conserved momentum can be used
to convert (103) into an ordinary differential equation for f(n),
df√[
f 2 − 16ξ
λ2
(f − 1)] [1− λ2M2PP 2φ (f 2 − 16ξλ2 (f − 1))] (f−1) = −2λ
√
−ξdn , (107)
8 Notice that the naˆıve configuration space momentum, Gφφdφ/dn = (dφ/dn)/f is not conserved due to the
nonvanishing gradient of the potential ∂AV and the configuration space curvature.
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where the sign is chosen such that, as f decreases, n increases. Since during inflation f
decreases, n will increase. From Eq. (103) we see that the opposite sign choice is allowed,
and it corresponds to n measuring the time lapse from the end of inflation backwards in
time. Since Eq. (107) is hard to integrate in general, we shall make simplifying assumptions,
namely that |ξ| is sufficiently small to satisfy,
−8ξ  λ
2
2
≡ φ , (108)
and that the conserved momentum is small, i.e.
P˜φ ≡
√
2φMPPφ  1
f
< 1 (109)
To estimate P˜φ, recall first that in the limit when Vφ  Vχ and |ξ|  1, the principal slow
roll parameter (102) can be well approximated by,  ' φ
[
f − 8ξ
φ
(
1− 1
f
)]
and dφ/dn =
φ˙/H = λMPf/(1 + Vχ/Vφ). When this is inserted into (106) one obtains,
P˜φ ∼ 1[
f − 8ξ
φ
(
1− 1
f
)] , (110)
where we neglected the factor (1 + Vχ/Vφ)
−1 ' 1. This tells us that inequality (109) is
marginally satisfied. At a first sight it seems strange that our estimate (110) of P˜φ depends
on f and therefore it does not seem conserved. The explanation is in our inexact (slow roll)
estimate of dφ/dn.
When keeping only the linear quantities in the perturbations P˜ 2φ and −8ξ/φ, the integral
of (107) simplifies to,∫
df
f
√
f−1
(
1+
4ξ
φ
f−1
f 2
+
P˜ 2φ
2
f 2
)
=
{
2
(
1+
ξ
2φ
)
Arctan
[√
f−1
]
− ξ
φ
2−f
f 2
√
f−1
+
P˜ 2φ
3
(f+2)
√
f−1
}∣∣∣∣∣
f
f∗
≈ −√−8ξφ(n−n∗) , (111)
where we neglected the terms that are quadratic and higher order in the perturbations (108–
109). This then implies the following expression for n = n(f),
n(f) ≈ n∗− 1√−2ξφ
{[(
1+
ξ
2φ
)
Arctan
[√
f−1
]
− ξ
2φ
2−f
f 2
√
f−1+ P˜
2
φ
6
(f+2)
√
f−1
]
−N (f∗)
}
, (112)
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where N (f∗) is the same function of f as given in the square brackets in (112) with f → f∗.
In what follows, for simplicity we give expressions to the leading (zeroth) order in the
perturbations −ξ/φ and P˜ 2φ = λ2M2PP 2φ . If needed, one can always go back to (112) to
iteratively include the linear (and if desired higher) order corrections in the perturbations.
Eq, (112) can be inverted to yield 9
f(n) ≈ 1
cos2
[
Arctan
(√
f∗ − 1
)−√−2ξφ(n− n∗)] , (114)
Since 0 ≤ cos2(x) < 1, f > 1, as it should be. From (106) we can get φ(n),
φ(n) = φ∗ +
√
2φMPP˜φ
∫ n
n∗
[
f 2(n′)− 8ξ
φ
(
f(n′)−1
)]
dn′ (115)
≈ φ∗+
√
2φMPP˜φ√−ξ
{
2+f∗
3
√
f∗−1−(f∗−1) (116)
− tan
(
Arctan
(√
f∗−1
)
−√−2ξφ(n−n∗))
×
[
1
3
tan2
(
Arctan
(√
f∗−1
)
−√−2ξφ(n−n∗))−√f∗−1+1]}.
Notice that, if P˜φ ≈ 0, then φ(n) ≈ φ∗ is constant, implying that P˜φ is the principal cause
for φ to roll. It is interesting to observe that such a trajectory exists. In order to get a
better idea on understanding of what the solutions (114) and (116) convey, it is useful to
consider the following two limits, early times when
√−2ξ(n − n∗)  1, and late times
(close to the end of inflation) when Arctan(
√
f∗ − 1) −
√−2ξ(n − n∗)  1 which, in the
limit when
√
f∗ − 1 1, reduces to (n−n∗) . pi/[2
√−2ξ]. In the former case the following
approximation can be used for the tangents in (114) and (116),
tan
[
Arctan(
√
f∗ − 1)−
√
−2ξ(n− n∗)
]
≈
√
f∗ − 1−
√−2ξ(n− n∗)
1 +
√
f∗ − 1
√−2ξ(n− n∗)
, (117)
with the help of which one obtains,
f(n) ≈ f∗ − 2
√
f∗−1
√−2ξφ(n−n∗) +O((−2ξ)(n−n∗)2) (118)
φ(n) ≈ φ(n∗) + 2φMPP˜φf∗
(
f∗+2−
√
f∗−1
)
(n−n∗) +O
(
(−2ξ)(n−n∗)2
)
. (119)
9 By making use of tan(α+ β) = [tan(α) + tan(β)]/[1− tan(α) tan(β)], f∗ can be pulled out of the tangent
in Eq. (114) to arrive at,
f(n) = 1 +
{ √
f∗ − 1−tan
[√−2ξφ(n− n∗)]
1+
√
f∗ − 1 tan
[√−2ξφ(n− n∗)]
}2
. (113)
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In the latter limit (when Arctan(
√
f∗ − 1)−
√−2ξ(n− n∗) 1) one gets,
f(n) ≈ 1 +
(
Arctan(
√
f∗−1)−
√−2ξφ(n−n∗))2 (120)
φ(n) ≈ φ(n∗) +
√
2φ
−ξ
MPP˜φ
3
[
(f∗ − 1)3/2−3(f∗−1)+3
√
f∗−1
+3
(√
f∗−1−1
)(
Arctan(
√
f∗−1)−
√−2ξφ(n−n∗))] . (121)
This suggests that inflation ends when f = 1, at which point the number of e-folds reaches,
n ≈ n∗+Arctan(
√
f∗−1)/[
√−2ξφ(n−n∗)] and φ reaches the value given by the first line in
Eq. (121). The more accurate statement is that this two field slow roll inflation ends O(1)
e-foldings earlier than that, at which point the χ field enters a fast roll regime and oscillates
around χ = 0 (f & 1). The two field inflation ends there and one enters an approximately
one field inflation, during which the slow roll parameters approach,  → φ = λ2/2 and all
higher ones vanish, i → 0 (i ≥ 2), such that inflation never ends. One way to terminate
inflation is to add a small mass term for φ, which creates a local minimum in the potential
of φ, such that the field starts oscillating around that minimum, thus ending inflation.
The solutions (114) and (115) (or their improved versions that include corrections to some
order in the perturbations ξ/φ and P˜
2
φ) can be used in (78) and (77) to obtain the transfer
function for the entropy perturbation as well as the evolution of the adiabatic perturbation
on super-Hubble scales due to its coupling to the entropy perturbation. Furthermore, one
can obtain the spectral index for the curvature perturbation (79). Since in general such
evaluations involve complicated integrals that cannot be dealt with analytically, we leave
these for future study.
Let us now consider large ξ limit. In this case Eq. (101) reduces to,
 ' 4
3
+
λ2
2
f +O(ξ−1) (122)
where we again assumed the inflaton dominance, Vφ  Vχ. Note also that, in this limit the
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Ricci curvature scalar of the configuration space (13) is negative and constant, 10
R ≈ − 1
3M2P
+O(ξ−1) . (123)
This means that negative configuration space curvature prevents inflation from happening (it
makes the inflaton potential too steep). This can be rigorously shown by transforming to the
frame in which the configuration space metric is of the form, (dψ˜)2 + sinh2(ψ/
√
6MP)(dχ˜)
2
(see Ref. [27] for details). The leading order behavior in the potential for large field values is
then ∝ exp(√8/3ψ˜/MP), which corresponds to a coupling λ0 = √8/3, and the correspond-
ing 0 = λ
2
0/2 = 4/3. It is interesting that the same asymptotically late time  is reached in
inflationary models in Einstein frame driven by a cosmological constant and studied in [48].
To summarize, we have analyzed the two-field inflationary model with a nonminimally
coupled spectator field and found that, a large nonminimal coupling induces a large negative
curvature of the configuration space manifold, such that the principal slow roll parameter
 ' 4/3, which is too large to be of interest for inflationary model building. On the other
hand, the model is viable when the nonminimal coupling ξ is small. In what follows we
analyze this model in a post-inflationary setting. In particular we discuss how cosmological
perturbations evolve in radiation and matter era.
IV. POST-INFLATIONARY DYNAMICS
Here we consider several plausible scenarios for the evolution of scalar cosmological pertur-
bations after inflation, with the principal goal to clarify the role of the nonminimal coupling.
Not all of the scenarios correspond to the traditional curvaton scenario, but instead some be-
long to the more general class of two-field inflationary models. Recall that post-inflationary
dynamics is very weakly constrained by the current data, leaving us with numerous theo-
retical possibilities. For simplicity, here we shall keep track of post-inflationary evolution of
the scalar cosmological perturbations on super-Hubble scales only. At linear order the gravi-
ton and scalar pertubations decouple, such that tensor cosmological perturbations obey the
10 One can easily show that the configuration space metric in the limit of ξ →∞ can be reduced to that of
the Poincare´ plane,
dS2 =
6M2P
g2
[
dφ2 + dg2
]
where g = MP
√
6f . The corresponding Ricci scalar is equal to −1/(3M2P), and thus constant and negative.
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usual post-inflationary dynamics (their amplitude remains frozen on super-Hubble scales),
and we shall not discuss them any further here.
In the former section we analyzed slow-roll dynamics of scalar cosmological perturbations
in a two-field inflationary model. We transformed to the more natural basis spanned by the
comoving curvature perturbation Rc and the isocurvature (entropy) perturbation S. Our
principal results are given in Eqs. (68–70) and (80–81). Assuming that the fields (and the
corresponding spectra) at the end of inflation (more precisely, at the end of the slow roll
regime) are known and given by S(ne, ~x) = Se(~x), Rc(ne, ~x) = Re(~x) (PRe(k), PSe(k) with
k  aH), in what follows we discuss how to evolve them through post-inflationary epochs.
Before we begin our analysis, we note that, at the end of inflation, one of the two different
possibilities can be realized:
(a) Weak coupling regime. In this regime, the curvature and entropy perturbation
couple weakly during inflation (in the sense that the turning rate ω is small), such
that during inflation there is no significant power transfer between the entropy and
curvature perturbations, resulting in the usual one-field estimate for the spectra, nR e ≈
1 − 2 − 2, nS e ≈ −2 + 23η2ss + 2η2ω − 23MPR, see Eqs. (80–81). The last term in
nS comes from non-canonical structure of the kinetic terms, and can be conveniently
expressed by making use of the configuration space curvature R.
(b) Strong coupling regime. The entropy perturbation couples strongly to the curvature
perturbation, such that power transfer between the two spectra is efficient during
inflation, resulting in a modified spectrum of the curvature perturbation given in
Eq. (80).
Precisely these two regimes can be identified also during preheating and the subsequent
radiation and matter epochs, the only difference being that the power transfer between the
entropy and curvature perturbations continues after inflation, and thus ought to be taken
into account in the final estimate of the curvature spectrum. The latter scenario – the one
in which a significant power gets transferred from S onto Rc after inflation – corresponds to
the usual curvaton scenario, in which the late time comoving curvature perturbation inherits
the spectrum of the entropy perturbation. We emphasize that our analysis goes beyond that
of the standard curvaton scenario.
30
Since the perturbation spectra are frozen on super-Hubble scales, the spectral indices
of both entropy and curvature perturbations are inherited from the end of inflation. The
relevant equations of motion in the postinflationary regime are therefore (56) and (73), which
after inflation simplify to,
(
Dt + 3H
) (R˙c − 2ωS) ≈ 0 , (124)
S¨+3HS˙+(η2ss+3η2ω−M2PR)H2S ≈ 0 , (125)
with initial conditions given by,
Rc(ne, ~x) = Rc e(~x) , S(ne, ~x) = Se(~x) . (126)
When writing Eqs. (124) and (125) we assumed that ˙ = 0, which is approximately true
during preheating (during which  ≈ 3/2 or 2) and in radiation era, in which  = 2, after
preheating is completed. In this work we shall not take into account the time dependence
in , which can be significant during preheating after inflation. To see that, recall that
during preheating,  ≈ σ˙2/(2M2PH2), where the kinetic energy in the adiabatic mode σ˙2/2
can exhibit a relatively strong dependence on time.
For the modes of physical interest the decaying mode of R˙c−ωS has decayed by the end
of inflation, such that (124) can be easily solved (cf. Eq. (58)),
Rc(n, ~x) = Rc(ne, ~x) + 2
∫ n
ne
ηω(n
′)S(n′, ~x)dn′ . (127)
Even though Eq. (125) cannot be solved exactly, one can make progress assuming that
 ≈ const. and that the parameters η2ss, η2ω and−M2PR evolve adiabatically in time (in the
sense that they do not change much during one expansion time). In this case Eq. (125) is
approximately solved by,
S(n, ~x) ≈ S(ne, ~x)e−
∫ n
ne
ι(n′)dn′ , (128)
where
ι =
3−
2
−
√(
3−
2
)2
− µ2S , µ2S ≡ η2ss + 3η2ω−M2PR , (129)
where we ignored corrections of the order ∂nι ∼ ∂nµ2S , which are of a higher adiabatic order.
When writing (129) we have assumed that ∂nS is small at the end of inflation (n = ne),
such that its contribution to the postinflationary S can be neglected.
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In order to see whether there can be an appreciable transfer of power between S and
Rc, we need the conditions for S not to decay (significantly) after inflation. From (129)
we see that that is the case when ι ≤ 0, or equivalently when µ2S < 0; in other words
when R > 0, or ηss < 0, or both. For example, if |µ2S |  1, then ι ≈ µ2S/(3 − ) and
Eq. (128) reduces to, S ≈ Se exp
( − ∫ n
ne
µ2S(n
′)
3− dn
′), which is valid both when µ2S is positive
or negative. When µ2S  −1, ι ' −|µS | and S ' Se exp
(∫ n
ne
|µS(n′)|dn′
)
and S can grow
very fast. Finally, when µ2S  1, ι is complex and there are two oscillatory solutions with
the frequency ' µS and their enveloping amplitude decays as, ∝ exp
[−3−
2
(n− ne)
]
, such
that Rc rapidly decouples from S .
Configuration space curvature. The contribution to µ2S in (129), which is simplest
to estimate, is that from the configuration space curvature,
−M2PR ' 2ξ [1− 2(1−6ξ)(f−1)] +O
(
(f−1)2) < 0 , (130)
where we assumed that after inflation the χ condensate is small when compared with the
Planck scale, such that f − 1  1 is a good expansion parameter. This contribution is
negative, and in radiation (matter) era it equals four (three) times (−ξ). If this contribution
dominates S will grow, thus providing an efficient mechanism for the transfer of power
between S and Rc, underlying the importance of nonminimal coupling for the curvaton
mechanism. There are two other potentially important contributions to µ2S in (129), and
before we reach any conclusion regarding effectiveness of the curvaton mechanism after
inflation, we ought to estimate them.
The turning rate ω is defined in (49) in terms of the directional derivative of V ,
ω = −∂sV/σ˙, where
σ˙2 = GABφ˙Aφ˙B . (131)
To make our analysis simpler, in what follows we assume that after inflation the field con-
densates are sub-Planckian,
|φ| MP , |χ| MP, MP√|ξ| . (132)
Our analysis in the Appendix shows that after inflation the fields oscillate with a decaying
envelope such that, if (132) is met at the end of inflation, it will be satisfied throughout the
postinflationary epochs. The approximate solutions to the equations of motion are given in
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Eqs. (155–156) and (157–158). From these, one can easily obtain the two basis vectors (cf.
Eqs. (31) and (38)),
σˆA =
1
σ˙
(
φ˙
χ˙
)
, ωˆA =
1
σ˙
(−χ˙
φ˙
)
, (133)
where σ˙ =
√
φ˙2 + χ˙2. These then imply the following expression for the turning rate
ω =
χ˙∂φV − φ˙∂χV
σ˙2
. (134)
To get a better idea on how large ω is, we shall calculate it in two limits: (a) when φ  χ
and (b) when χ  φ. In the former case, provided there is no large hierarchy between the
masses of the two fields, σ˙ ' φ˙, χ˙ ' 0, such that ωˆA = (0 1)T and
ω ≈ −∂χV
φ˙
' −m
2
χ effχ
φ˙
, (135)
where m2χ eff is defined in (154) and
φ˙ ' −φ0e
−Γφt/2
a3/2
[
Ωφ sin
(∫ t
0
Ωφ(t
′)dt′
)
+
Γφ
2
cos
(∫ t
0
Ωφ(t
′)dt′
)][
1 +O
(
H
Ωφ
)]
,
(136)
where Ωφ  H is assumed. From these expressions we see that ω oscillates around zero
with a typical amplitude,
|ω| ∼ χ0
φ0
× m
2
χeff
mφeff
, (137)
such that it is suppressed by χ0/φ0  1. Even though it is suppressed, the turning rate
may be significant if |ω| in (137) is larger than the expansion rate H. From (136) we also
see that ω blows up when φ˙ = 0, which is when
∫ t
0
Ωφ(t
′)dt′ + Arctan
(
Γφ
2Ωφ
)
is an integer.
This is however an artifact of the approximations we used to get to (135). Indeed, by using
the more accurate formula (134) one sees that at these special points ω grows at most to a
value, |ω| ∼ (m2φ effφ0)/(mχ effχ0), which is large, but (at least it is) finite. During the short
intervals when |ω| is relatively large, the coupling between the two fields becomes strong, and
may lead to an efficient transfer of power between the entropy and curvature perturbation.
We intend to explore the physical ramifications of this interesting effect in the future. For
now we just note that the typical turning rate after inflation (137) is small, and thus the
transfer of power between the two fields will typically be not inefficient.
Before continuing our analysis, note that there is a simple approximation for σ˙ =
√
2MPH, which acquires a particularly simple form when  = 2 or  = 3/2. However,
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a constant value of  is attained only when the condensates have decayed sufficiently such
that σ˙ is dominated by the plasma contribution, in which case, σ˙2 ' P + ρ, where P and
ρ are the pressure and energy density. But as long as the condensates dominate the energy
density and pressure, the pressure (and therefore also ) oscillates, which in turn causes
short periods of strong coupling between the curvature and entropy perturbation.
The mass parameter M2ss for the entropy perturbation (42) can be approximated by,
M2ss =
1
σ˙2
(
χ˙2∂2φ − 2φ˙χ˙∂φ∂χ + φ˙2∂2χ
)
V (φ, χ) ' m
2
φ eff χ˙
2 +m2χ eff φ˙
2
σ˙2
, (138)
where we used the fact that the condensate amplitudes are much smaller than the Planck
scale. If in addition |χ|  |φ|, one easily gets,
M2ss ≈ m2χ eff . (139)
Upon combining (130), (134–136) and (139) we get for the mass parameter (129) of the
entropy perturbation (cf. Eq. (125)),
µ2SH
2 ' m2χ eff + 3ω2(t) + 2ξH2 , (140)
where we kept ω2 unspecified. We did that because, even though ω2 is typically small (137),
it can vary a lot with time, as can be seen from Eqs. (135–136). From Eqs. (128–129) we
know that the entropy perturbation S can grow after inflation only if µ2S < 0, which implies
the following condition on ξ,
ξ < −m
2
χ eff + 3ω
2
2H2
. (141)
Since ω oscillates, at some instances when it goes through zero, the condition (140) becomes
weaker,
|ξ| > m
2
χ eff
2H2
, (when ω = 0) . (142)
When the condition (141) is satisfied, S will grow, 11 such that, when it later decays, it can
imprint its power onto the curvature spectrum with the spectral index given by (81). If that
contribution dominates its amplitude, the curvaton mechanism will be effective, and the
11 The entropy perturbation S will likely grow also when the milder condition (142) is satisfied, but to
establish that rigorously one would have to analyze Eq. (125) with ω2(t) varying non-adiabatically in
time, in which case S may exhibit a resonant growth. A complete analysis of this case is beyond the scope
of this work.
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observed scalar spectrum will be of the form (81). In the simple case when the amplitude
of χ is small enough, i.e. f ' 1, the spectral index of S can be approximated by,
nS e ≈ −2+ 2
3
µ2S , (143)
such that nS e < −2 when (141) is satisfied, which is what is required by the observations.
One can see this by recalling the observational bound on the tensor-to-scalar ratio r, which in
the case when the one-field inflation consistency relation approximately applies, 2 ' r/8 <
0.01, from which one sees that the −2 contribution in (143) is not large enough to explain
the spectral index in the observed scalar spectrum, whose deviation from scale invariance is
approximately, ns−1 ' 0.035. However, in many curvaton models the tensor-to-scalar ratio
is suppressed due to the additional curvaton contribution to the curvature perturbation,
such that the observed limit r < 0.06 represents a weaker constraint on , which can also
help to make the curvaton perturbation (143) redder, underlining yet another advantage of
curvaton models. Notice further that adding a large enough negative nonminimal coupling
which satisfies (142) can make the spectrum of the entropy perturbation red enough to be
consistent with the observed value of ns − 1. When this is combined with condition (141),
one sees that, the same condition which reddens the spectrum of the entropy perturbation,
induces its postinflationary growth. When combined with an efficient transfer of power
(which can be facilitated either by a strong enough linear coupling ω or by the decay of
entropy perturbations typically mediated by some quantum loop process), one can activate
the curvaton mechanism.
Since the analysis performed in this section concerns the deep infrared, super-Hubble
modes, they will all be amplified by an equal factor (with the caveat that each of the two
fields can get amplified by a different factor). That means that the spectra inherited from
the end of inflation will not change by the postinflationary evolution. What can happen is
that, as the result of the coupling between the perturbations, the spectrum of the entropy
perturbations gets imprinted onto the curvature perturbation, such that its spectral index
becomes that of the curvature perturbation from the end of inflation. Therefore, this scenario
constitutes the two-field variant of the curvaton scenario.
In the above analysis we did not invoke any formulas from the standard curvaton sce-
nario, since they assume that the ∆N formalism applies, in which the coupling between the
curvaton and inflaton is small and plays no role such that not significant coupling between
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the two fields is allowed. However, nonminimal couplings induce a coupling between the
field perturbations, which in turn can induce a non-negligible transfer of power between the
perturbations, invalidating the ∆N formalism.
To conclude, the analysis performed in this section shows that a nonminiml coupling
of the curvaton field can have a profound impact on the validity of curvaton scenarios.
In particular, it can make viable those curvaton models which in their minimal coupling
incarnation would be ruled out.
V. CONCLUSION
In this paper we investigate in some detail a two-field model of inflation in which one
of the fields is nonminimally coupled. A particular attention is devoted to the case when
the nonminimally coupled field is the curvaton. Models with nonminimally coupled fields
are important to study, especially when one recalls that nonminimally coupled scalars are
ubiquitous. This is so because, even if nonminimal couplings are set to zero at the classical
level, they will be generated by quantum effects, as they induce a running of the nonminimal
coupling as long as it is different from its conformal value, ξ = ξc = 1/6.
The principal finding of this work is the observation that a nonminimal coupling can help
to keep alive a class of curvaton models that otherwise would be ruled out by observations.
Namely, a small negative (positive) nonminimal coupling makes the spectral index of scalar
cosmological perturbations redder (bluer), thus counteracting a positive mass term that
alone would make the curvaton mass term positive.
In this work we adapt the two field formalism of references [20, 21] (there are earlier
references as well), in which one studies scalar cosmological perturbations by rotating into
the frame of curvature and entropy perturbation, where the curvature perturbation is the
one that directly (at the linear level) couples to gravitational perturbations. The two fields
couple by the parameter known as the turning rate ω defined in (38) and (49). In section III
we perform the general analysis of our two field model in slow roll regime. Our results for the
spectral indices for the curvature and entropy perturbations are given in Eqs. (80) and (81),
from where one sees that the spectral index of the curvature perturbation is influenced by the
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turning rate ω and by the transfer function (defined as the ratio of the entropy and curvature
perturbation), such that for positive (negative) ω the spectral index becomes bluer (redder).
The spectral index of the entropy perturbation is determined not just by its mass term,
but also by the turning rate squared, but also by the curvature of the field configuration
space R (generated due to the noncanonical form of the kinetic terms), such that a negative
(positive) curvature implies a bluer (redder) spectral index of the entropy pertubation.
For the analysis particularly useful is the slow roll metric n = n(φ, f) (96), which tells us
how the number of e-foldings n depends on the two fields φ and f (or equivalently χ). For
our simple two-field model and in the limit when the inflaton potential dominates, the slow
roll metric reduces to (103), which admits a conserved quantity (106), which we named the
configuration space momentum Pφ (not to be confused with the canonical momentum of φ).
Consequently, n becomes a function of only one field and the trajectory in the field space
becomes unique, signifying an attractor regime of the two-field model. We then analyze the
model by expanding in powers of the conserved momentum. This expansion is valid only
when Pφ is small enough (P˜ = λMPPφ  1), and a more general (presumably numerial)
analysis ought to be performed for larger momenta Pφ.
When the nonminimal coupling is large (|ξ|  1) and the field rolls down along the infla-
ton direction, then the principal slow roll parameter  ' 4/3, which is not compatible with
inflation (in which  < 1). This result resonates with the late (postinflationary) behavior of
inflation driven by a cosmological constant studied in Ref. [48].
In section IV and in the Appendix we present a simple analysis of post-inflationary dy-
namics of deep infrared modes of the curvature and entropy perturbation in the two field
model under consideration. In order to make analytical progress, we assume that both con-
densate fields are massive and oscillate with sub-Planckian amplitudes. Then the dynamics
of the field condensates and the corresponding perturbations simplifies, and the only way
the non-trivial structure of the kinetic terms affects evolution of the linear perturbations is
through a negative contribution to the mass of the entropy perturbation (130). The two
perturbations couple via the turning rate ω, which is typically small and oscillates around
zero, but has large short spikes. These spikes can induce brief periods of strong couplings
between the perturbations, whose implications are beyond the scope of this paper. Our
post-inflationary analysis of the entropy perturbation S shows that its noninimal coupling
can play an essential role in determining whether S grows or decays after inflation. More
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specifically, if condition (141) is satisfies, S will grow; otherwise it will decay. Strictly speak-
ing this conclusion is valid if ω varies adiabatically in time. Consequently, a more refined
analysis is required to establish when S grows/decays if ω2 varies nonadiabatically. The prin-
cipal results of section IV are as follows. If the entropy perturbation decays after inflation,
then there will not be any important transfer of power between the entropy and curvature
perturbation. In this case the cuvaton mechanism is inoperative, and the observed scalar
spectrum will be that from the end of inflation. If, on the other hand, the entropy pertur-
bation grows and if it couples significantly to the curvature perturbation (either through ω
or through quantum loop decays), then the post-inflationary transfer of power between the
perturbations will be efficient and the curvaton mechanism operative such that the observed
scalar power spectrum will be dominated by that of the inflationary entropy perturbation.
The importance of nonminimal coupling of the curvaton field is twofold. Firstly, it can
determine whether the curvaton mechanism is operative after inflation. Secondly, it can
make the spectrum of the entropy perturbation redder, thus making the spectrum of the
entropy perturbation consistent with observations. For these reasons, a nonminimal curvaton
coupling presents a window of opportunity for a large class of curvaton models.
In this work we present a preliminary analysis of nonminimally coupled curvaton models.
Our analysis is encouraging and it invites for a more thorough investigation of this class of
models. In particular a better understanding is needed of questions such as in precisely what
ways the inflaton and curvaton mix in the curvature and entropy perturbation. The question
of what is the effect of the nonminimal coupling on non-Guassianities in the curvaton scenario
is particularly intriguing, since many curvaton scenarios produce too large non-Gaussianties
to be compatible with observations. Furthermore, it would be worthwhile investigating how
the form of the inflaton and curvaton potentials, as well as their interactions with matter
fields, influence the results presented in this work.
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Appendix: Postinflationary evolution of field condensates
In this appendix we model the evolution of the condensates φ and χ in a simple model
in which inflation is terminated by an inflaton mass term and for simplicity we consider the
case where after inflation,
f−1 1 (χ2 M2P/|ξ|) . (144)
The potential in the transformed frame is then (cf. Eq. (9)),
V (φ, χ) =
1
f 2
[
1
2
m2φφ
2 + V0e
−λφ/MP +
1
2
m2χχ
2
]
, (145)
where we set λχ = 0. This potential exhibits a minimum given by (φ0, χ0 = 0), where φ0 is
the solution of the equation, m2φφ0 =
λV0
MP
e−λφ/MP , and it can be expressed in terms of the
Lambert W function,
φ0 =
MP
λ
W
(
λ2V0
m2φM
2
P
)
, (146)
which simplifies in the two limits, when its argument is large and small,
φ0 =
MP
λ
{
ln
(
λ2V0
m2φM
2
P
)
− ln
[
ln
(
λ2V0
m2φM
2
P
)]
+O
(
ln(ln(x0))
ln(x0)
)}
, (x0  1)
φ0 =
MP
λ

(
λ2V0
m2φM
2
P
)
−
(
λ2V0
m2φM
2
P
)2
+O (x30)
 , (x0  1) , (147)
where x0 = (λ
2V0)/(m
2
φM
2
P).
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Now taking account of Eqs. (12) and (24), the field condensate equations (17), reduce to,
φ¨+
2ξχ
fM2P
φ˙χ˙+ 3Hφ˙+
1
f
[
m2φφ−
λV0
MP
e−λφ/MP
]
= 0 (148)
χ¨− ξχ
M2P − (1−6ξ)χ2
φ˙2 + ξχ
(
2
M2P − ξχ2
− 1−6ξ
M2P − (1−6ξ)ξχ2
)
χ˙2
+3Hχ˙+
−2ξχ
M2P − (1−6ξ)ξχ2
[
m2χM
2
P
−2ξ −
1
f
(
m2φφ
2 + 2V0e
−λφ/MP +m2χχ
2
)]
= 0 , (149)
where we moved back to the variable χ2 = (f−1)/(−ξ), which is now more convenient. These
equations are hard to solve and moreover do not properly reflect the physics of preheating
since they do not capture the field fluctuations dynamics, which can be created after inflation
at a fast rate, thereby inducing a significant backreaction which is not captured by (148–149).
Inflation ends in this model when φ is sufficiently close to φ0, which will be typically
the case when |φ − φ0|  MP, after which φ starts oscillating and decaying around φ0.
Analogously, χ will oscillate around its minimum χ = 0 with an amplitude |χ|  MP and
χ2  M2P/|ξ|, such that all complicated terms in the denominators of (148–149) can be
dropped. For notational convenience, we shift the inflaton field φ by −φ0,
φ→ φ− φ0 , (150)
such that after inflation both φ and χ oscillate around their minimum at zero. Since the am-
plitude of fluctuations is small when compared with the Planck scale, one can linearize (148–
149). This is obviously true for all the terms, except for those which potentially contain res-
onant decay. Since the amplitude of these terms is small, only narrow parametric resonance
is possible, and this resonance will occur only if the ratio of the amplitude and frequency
of the oscillations is to a good approximation an integer squared (see e.g. Ref. [10]). For
simplicity, we leave a more complete analysis of preheating for future, and here assume that
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parametric resonance is absent and study the linearized version of Eqs. (148–149), 12
φ¨+ (3H + Γφ)φ˙+m
2
φ,effφ ' 0 , m2φ,eff ≡
(
1 +
λφ0
MP
)
m2φ (153)
χ¨+ (3H + Γχ)χ˙+m
2
χ,effχ = 0 , m
2
χ,eff ≡ m2χ +
−2ξm2φφ0
λMP
(
1 +
λφ0
MP
)
, (154)
where φ0 is defined in (146) and Γφ and Γχ denote the decaying rates of φ and χ, respectively.
These decaying rates may be of a perturbative origin or due to a parametric resonance. If
tree level perturbative decay rates do not vanish, they will typically dominate the condensate
decays, and their time dependence will be mild and therefore adiabatic. If quantum loops or
parametric resonance dominates the decay rates, they will be generally time dependent and
may or may not be changing adiabatically in time. We postpone a more detailed analysis
of the decay rates in the postinflationary epochs for a later publication.
Since in the approximation used to get (153–154) the field condensates φ and χ decouple,
Eqs. (153–154) are relatively easily solved under the assumptions that  is approximately
constant and equal to either 3/2 (matter era) or 2 (radiation era). The field masses and
decay rates can be either larger on smaller than the expansion rate. Since the expansion
rate is dropping as H ∝ 1/t, they may be larger only for a (brief) period after inflation. In
that case we have for rescaled fields, φ˜ = eΓφt/2φ, χ˜ = eΓχt/2χ,
φ˜ = φ0 +
φ˙0
H0
(
1− a−(3−)) , ∣∣∣∣m2φ,eff − Γ2φ4
∣∣∣∣ H2 (155)
χ˜ = χ0 +
χ˙0
H0
(
1− a−(3−)) , ∣∣∣∣m2χ,eff − Γ2χ4
∣∣∣∣ H2 , (156)
where H0 = H(t0), φ(t0) = φ0, φ˙0 = (dφ/dt)(t = t0) and a0 = a(t0) = 1. These solutions are
12 Somewhat more general equations from (153–154) can be obtained if one works with energy densities, ρφ
and ρχ,
ρ˙φ + 2φHρφ = −Γφ(ρφ − ρφ,0)− Γφχ(ρφ − ρχ) (151)
ρ˙χ + 2χHρχ = −Γχ(ρχ − ρχ,0) + Γφχ(ρφ − ρχ) , (152)
where ρφ,0 and ρχ,0 denote the equilibrium densities for φ and χ, respectively. Note that Hubble damping
for the two fields can be different if the equation of state parameters differ, wφ = Pφ/ρφ 6= wχ =
Pφ/ρφ. In this case the damping rates are determined by, 2φH = 3(1 + wφ)H and 2χH = 3(1 + wχ)H.
Equations (151–152) are more general from (153–154) as they also include the transfer of energy between
the two fields and indicate that – due to the backreaction from the created field fluctuations – the decays
stop when the fields get thermalized. We do not attempt to solve these equations here, but instead work
with the simpler ones (153–154).
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approximately correct only for a relatively short period of time, for which mφ,efft  1 and
mχ,efft 1. When (one of) these conditions are violated, the fields will start oscillating.
After the expansion rate has sufficiently dropped, the conditions in (155) and (156) will
get violated and the field condensates will begin oscillating around their minima. To study
that case, the equations of motion for the rescaled fields, φ˜ = a3/2eΓφt/2φ and χ˜ = a3/2eΓχt/2χ
become those of harmonic oscillators with frequencies that adiabatically vary in time (they
do not change much in one expansion time), implying that the approximate solutions can
be written in the form,
φ(t) = φ0
e−Γφt/2
a3/2
cos
[∫ t
0
Ωφ(t
′)dt′ + ϕφ
]
, Ω2φ(t) = m
2
φ,eff −
1
4
(Γφ + 3H)
2 − 3
2
H˙ (157)
χ(t) = χ0
e−Γχt/2
a3/2
cos
[∫ t
0
Ωχ(t
′)dt′ + ϕχ
]
, Ω2χ(t) = m
2
χ,eff −
1
4
(Γχ + 3H)
2 − 3
2
H˙ , (158)
where φ0 = φ(0), χ0 = χ(0) and ϕφ and ϕχ are unimportant phases that can be set to zero
and for notational simplicity we choose the time at the end of inflation, te = 0. If Γφ and Γχ
vary (adiabatically) with time, then one should exact replacements, Γφt→
∫ t
0
Γφ(t
′)dt′ and
Γχt→
∫ t
0
Γχ(t
′)dt′ in (157–158). On the other hand, if mφ,eff ,mχ,eff  H, then the integrals
in the oscillatory functions simplify to,
∫ t
0
Ωφ(t
′)dt′ ≈ Ωφt and
∫ t
0
Ωχ(t
′)dt′ ≈ Ωχt, where in
the last relations, Ωφ ≈
√
m2φ,eff − Γ2φ/4 and Ωχ ≈
√
m2χ,eff − Γ2χ/4.
The approximate solutions (157–158) are used in the main text to analyze the postinfla-
tionary evolution of the scalar cosmological perturbations.
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